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Abstract
We show that if G is a group in which all commutators are contained in finitely many cyclic subgroups,
then G′ is either finite or cyclic.
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1. Introduction
A covering of a group G is a family {Si}i∈I of subsets of G such that G =⋃i∈I Si . If {Hi}i∈I
is a covering of G by subgroups, it is natural to ask what information can be extracted about G
from properties of the subgroups Hi . Since any group can be covered by the cyclic subgroups
generated by its elements, there cannot be any satisfactory answer in this generality. However,
the situation changes dramatically if the covering is required to be finite. The first result in this
direction is due to Baer (see [3]), who proved that G admits a finite covering by abelian sub-
groups if and only if it is central-by-finite. The non-trivial part of this assertion is an immediate
consequence of a subsequent result of B.H. Neumann [4]: if {Si} is a finite covering of G by
✩ Supported by the joint project CAPES/MECD 065/04 of the Brazilian and Spanish Governments. The first author is
also supported by the Spanish Ministry of Science and Education, grant MTM2004-04665, partly with FEDER funds,
and by the University of the Basque Country, grant UPV05/99.
* Corresponding author.
E-mail addresses: gustavo.fernandez@ehu.es (G.A. Fernández-Alcober), pavel@mat.unb.br (P. Shumyatsky).0021-8693/$ – see front matter © 2007 Elsevier Inc. All rights reserved.
doi:10.1016/j.jalgebra.2007.11.018
G.A. Fernández-Alcober, P. Shumyatsky / Journal of Algebra 319 (2008) 4844–4851 4845cosets of subgroups, then G is also covered by the cosets Si corresponding to subgroups of finite
index in G. In other words, we can get rid of the cosets of subgroups of infinite index without
losing the covering property.
Neumann’s result can also be applied to characterize the groups which can be covered by
finitely many cyclic subgroups as the groups which are either finite or cyclic. Indeed, if {Ci}ni=1
is a covering of G by cyclic subgroups and G is infinite, then we may assume all Ci to be infinite
cyclic by Neumann’s theorem. Hence G is torsion-free. On the other hand, by Baer’s result
we have |G : Z(G)| < ∞, so that |G′| < ∞ by a well-known theorem of Schur [6, 10.1.4]. It
follows that G′ = 1, and G is a finitely generated torsion-free abelian group. Since G has cyclic
subgroups of finite index, G must be cyclic.
If the set of all commutators of a group G can be covered by finitely many subgroups, one
could hope to get some information about the structure of the derived subgroup G′. In the present
paper, we consider coverings of the set of commutators by finitely many cyclic subgroups, and
derive the same conclusion as in the case that the subgroups cover the whole of G′.
Main Theorem. Let G be a group in which the set of all commutators can be covered by finitely
many cyclic subgroups. Then G′ is either finite or cyclic.
Note that the hypothesis of the theorem is hereditary for subgroups and quotients. In the
remainder, C denotes the finite family of cyclic subgroups of G covering all commutators. In
order to simplify the proof of the Main Theorem, we can make the following two assumptions.
Assumption 1. All subgroups in C are generated by commutators, in fact by finitely many com-
mutators (but not necessarily by a single commutator!). As a consequence, G′ = 〈C | C ∈ C〉.
This is clear: on the one hand, we can substitute every subgroup C ∈ C by the subgroup
generated by the commutators in C, and on the other hand, in a cyclic subgroup it is always
possible to extract a finite generating set from any set of generators.
Assumption 2. The group G is finitely generated.
Indeed, if XC is a finite generating set of C consisting of commutators, then X = ⋃C∈C XC
generates G′. Write every commutator u ∈ X in the form u = [a, b], and let H be the subgroup
generated by all these a and b as u runs over X. Then H is finitely generated, satisfies the
hypothesis of the theorem, and H ′ = G′.
We finish this introduction by proposing two related problems. The first seeks for a version
for commutators of Baer’s result.
Problem 1. Let G be a group in which all commutators can be covered by finitely many abelian
subgroups. Does it follow that G′ is central-by-finite?
The source of motivation for our second question is a famous problem of P. Hall on verbal
subgroups. Let w be a group word, say in n variables. If G is a group, let Gw denote the set of all
values w(g1, . . . , gn) with g1, . . . , gn ∈ G, and let w(G) be the verbal subgroup corresponding
to w, i.e. the subgroup generated by Gw . The word w is said to be concise if w(G) is finite
whenever Gw is finite. P. Hall asked whether every word is concise, but it was later proved by
Ivanov [1] that this is not the case (see also [5, page 439]). On the other hand, many relevant
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words and the derived words are concise.
One can adopt a more general approach to Hall’s question: if we assume certain restrictions
on the set Gw , how does this influence the structure of w(G)? In view of our theorem, it is natural
to pose the next problem.
Problem 2. Given a word w and a group G, suppose that the set Gw can be covered by finitely
many cyclic subgroups. Is it true that w(G) is either finite or cyclic? At least for concise words?
(The Main Theorem shows that the answer is positive for w = [x, y].)
The paper is organized as follows. First, in Section 2, we prove an approximation to the result
of the Main Theorem: if G has no commutators of finite order (apart from 1), and all commutators
can be covered by finitely many cyclic subgroups, then G′ is cyclic-by-finite. Then, in Section 3,
we use this result in order to conclude the proof of the Main Theorem.
2. Groups without non-trivial commutators of finite order
Throughout this section, G denotes a group in which the set of commutators is covered by
a finite family C of cyclic subgroups, and in which all non-trivial commutators are of infinite
order. As a consequence, all the subgroups in C are infinite cyclic. Our goal is to prove that G′ is
cyclic-by-finite.
We define a relation ∼ on the set C by means of the following rule: C ∼ D if and only if
C∩D 
= 1. Clearly, ∼ is an equivalence relation. Let C1, . . . ,Cn be the corresponding equivalence
classes, and put Ri = 〈C | C ∈ Ci〉 and Si =⋂C∈Ci C for i = 1, . . . , n. Then G′ = 〈R1, . . . ,Rn〉.
Since there are only finitely many subgroups in Ci , which are furthermore infinite cyclic and have
non-trivial intersection with each other, it follows that |C : Si | < ∞ for all C ∈ Ci . In particular,
Si is an infinite cyclic group. It is clear from the definition of the relation ∼ that Si ∩ Sj = 1 for
i 
= j . On the other hand, since Si  C for all C ∈ Ci , it follows that Si is central in Ri . We also
define Xi to be the set of all non-trivial commutators lying in any of the subgroups C ∈ Ci .
Proposition 2.1. The sets X1, . . . ,Xn are pairwise disjoint, and {X1, . . . ,Xn} is invariant under
conjugation by elements of G. Furthermore, Xgi = Xi for every g ∈ Ri .
Proof. Define an equivalence relation ≈ on the set X of non-trivial commutators of G, by letting
u ≈ w if and only if 〈u〉 ∩ 〈w〉 
= 1. If u ∈ C and w ∈ D with C,D ∈ C, it is clear that 〈u〉 ∩
〈w〉 
= 1 if and only if C ∩ D 
= 1. Hence the equivalence classes for ≈ are X1, . . . ,Xn, and
these subsets are pairwise disjoint. Now X is a normal subset of G, so it is a G-set with respect
to the action given by conjugation. Since u ≈ w if and only if ug ≈ wg , it follows that G also
acts on the set of equivalence classes of ≈, and consequently {X1, . . . ,Xn} is invariant under
conjugation by elements of G. Finally, we prove that Xgi = Xi for g ∈ Ri . Since Ri = 〈Xi〉, we
may assume that g ∈ Xi . If that is the case, then g ∈ Xgi ∩Xi . Since Xgi = Xj for some j and Xi
and Xj are disjoint if i 
= j , it follows that Xgi = Xi and we are done. 
Proposition 2.2. The set {R1, . . . ,Rn} is invariant under conjugation by elements of G. Thus
|G : NG(Ri)| is finite for all i = 1, . . . , n.
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〈Xi〉 for all i. It follows that the conjugacy class of Ri in G is finite, which proves the second
assertion. 
Proposition 2.3. Each of the subgroups Ri is cyclic-by-finite.
Proof. Since Si is cyclic, it suffices to show that Ri/Si is finite. Use the bar notation in this quo-
tient group. Note that Ri is generated by Xi , which is a normal subset of Ri by Proposition 2.1.
On the other hand, Xi is contained in
⋃
C∈Ci C, and each C has finite order. Since Ci is a finite
set, it follows that Xi is finite and consists of elements of finite order. Thus the finiteness of Ri
is a consequence of Dietzmann’s Lemma (see 14.5.7 in [6]). 
As a consequence of Proposition 2.2, the intersection K of all the normalizers NG(Ri) has
finite index and is normal in G. Let mi be the order of Ri/Si , and define m to be the least
common multiple of all the mi and |G : K|. Put Ti = Rmi . Then Ti  Si , so that Ti is an infinite
cyclic group and Ti ∩ Tj = 1 for all i 
= j . Note also that Ti K . Since Ti is characteristic in Ri
and K normalizes Ri , it follows that Ti K for all i.
Now let T be the subgroup generated by the cyclic subgroups T1, . . . , Tn. Since Ti is nor-
mal in T and Ti ∩ Tj = 1 for all i 
= j , it follows that T is a finitely generated abelian group.
By Proposition 2.2, the set {T1, . . . , Tn} is invariant under conjugation by elements of G, and
consequently T is normal in G, not only in K .
Suppose that u is an element lying in one of the subgroups Ri , for example a commutator in
the set Xi . If it happens that u ∈ T = T1 . . . Tn, we could expect that in fact u ∈ Ti . However, it
is not clear that this property holds, since in principle it is possible that T1 . . . Tˆi . . . Tn (which
means that Ti is missing from the product) has some element in common with Ri \ Ti . Our next
proposition shows how this can be fixed.
Proposition 2.4. There exists an integer  1 with the following property: if u ∈ T  is an element
lying in Ri , then u ∈ Ti .
Proof. It suffices to find such an integer  for every fixed i = 1, . . . , n, since then the least
common multiple of these values satisfies the statement of the theorem.
Let Yi be a left transversal of Ti in Ri , and suppose that 1 ∈ Yi . Then Yi is finite, and Ri = YiTi .
Since T/Ti is a finitely generated abelian group, we have
⋂
k1(T /Ti)
k = 1. Consequently
⋂
k1 T
kTi = Ti . Hence there is an integer  such that y /∈ T Ti for all y ∈ Yi \ {1}. We claim
that  satisfies the desired property. Let u ∈ T , and suppose that u lies in Ri but not in Ti . If we
write u = yg, with y ∈ Yi \ {1} and g ∈ Ti , then y = ug−1 ∈ T Ti , which is a contradiction. 
Proposition 2.5. The subgroup CG(G′) has finite index in G, and G′ is abelian.
Proof. For the first assertion, it suffices to show that CG(Ri) has finite index in G for all i. Since
K normalizes both Ri and Ti , it acts by conjugation on the finite quotient Ri/Ti . Let Ki be the
kernel of this action, which has finite index in K , and consequently also in G. Since G is finitely
generated by Assumption 2, Ki is also finitely generated. Then Ki/K2i is a finitely generated
abelian group of exponent 2, so it is finite. Thus |G : K2i | is finite, and it is enough to prove
that K2  CG(Ri). Since Ri = 〈C | C ∈ Ci〉, we only need to see that K2  CG(C) for everyi i
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Since AutC ∼= C2, it follows that K2i centralizes C, as desired.
Finally, we prove that G′ is abelian. Since |G′ : Z(G′)| |G : CG(G′)| < ∞, we have |G′′| <
∞ by Schur’s aforementioned theorem. Since G does not have any commutators of finite order
but 1, we conclude that G′′ = 1. 
Let the subgroup L be defined by the condition Z(G/T ) = L/T , where  is as in Proposi-
tion 2.4. Then define H = L∩CG(G′).
Proposition 2.6. The subgroup H has finite index in G, and every commutator [h,g] with h ∈ H
and g ∈ G is contained in one of the subgroups Ti .
Proof. We already know that |G : CG(G′)| is finite by Proposition 2.5. Hence we only need to
see that |G : L| is finite in order to prove the first assertion. Put G = G/T . The set of commu-
tators in G is contained in the union of all C, with C ∈ C. If C ∈ Ci , then |C| = |C : C ∩ T |
|C : T i | is finite. Hence G has finitely many commutators, and consequently it is an FC-group.
Since G is finitely generated by Assumption 2, it follows that |G : Z(G)| is finite. Thus |G : L|
is finite, as desired.
Now if h ∈ H and g ∈ G, then [h,g] ∈ [L,G]  T . Since [h,g] lies in Ri for some i, it
follows from Proposition 2.4 that [h,g] ∈ Ti . This completes the proof. 
For our next proposition, we need the following lemma, whose proof is straightforward.
Lemma 2.7. Let 〈x〉× 〈y〉 be the direct product of two infinite cyclic groups. Then the subgroups
〈xiy〉 and 〈xjy〉 have trivial intersection for all i 
= j .
Proposition 2.8. If h ∈ H , then [h,G] is contained in one of the subgroups Ti , and in particular
[h,G] is cyclic.
Proof. Since every commutator [h,g] is contained in one of the subgroups Ti , we may assume
by way of contradiction that there exist two non-trivial commutators [h,a] and [h,b] lying in two
different subgroups Ti and Tj . Note that these two commutators generate a subgroup isomorphic
to C∞ ×C∞.
For any two integers r and s, we consider the commutator ur,s = [ahr, bh−s]. We have
ur,s =
[
ahr,h−s
][
ahr, b
]h−s = [ahr,h−s][ahr, b],
since H is contained in CG(G′). Now
[
ahr,h−s
]= [a,h−s]hr = [a,h]−s = [h,a]s ,
and
[
ahr, b
]= [a, b]hr [hr, b]= [a, b][h,b]r .
Hence
ur,s = [a, b][h,a]s[h,b]r .
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taining the commutator ur,s for infinitely many pairs (r, s) ∈ I . If we choose I = {(r, r2) | r ∈ N},
then there is an infinite subset J ⊆ N such that ur,r2 ∈ C for every r ∈ J . For simplicity, let us
write ur instead of ur,r2 . If we fix a value r ∈ J , then
uru
−1
r ′ = [h,a]r
2−(r ′)2 [h,b]r−r ′ = ([h,a]r+r ′ [h,b])r−r ′ ∈ C
for all r ′ ∈ J . If r ′ is different from r , then the subgroup 〈[h,a]r+r ′ [h,b]〉 has non-trivial intersec-
tion with C. Now we can take a third value r ′′ ∈ J , different from r and r ′, and it follows that the
intersection of 〈[h,a]r+r ′ [h,b]〉 and 〈[h,a]r+r ′′ [h,b]〉 is non-trivial. According to Lemma 2.7,
this is a contradiction, and we are done. 
We are now in a position as to achieve the goal of this section.
Theorem 2.9. Let G be a group in which all commutators can be covered by finitely many cyclic
subgroups. If G does not have any commutators of finite order, apart from 1, then G′ is cyclic-
by-finite.
Proof. For every i = 1, . . . , n, we define
Hi =
{
h ∈ H ∣∣ [h,G] ⊆ Ti
}
.
Since H is contained in CG(G′), it readily follows that Hi is a subgroup of G. According to
Proposition 2.8, we have H = H1 ∪ · · · ∪ Hn. By applying the result of Neumann mentioned in
the introduction, it follows that |H : Hi | < ∞ for some i, and consequently also |G : Hi | < ∞.
Put N = [Hi,G], which is a normal subgroup of G. Then N is cyclic, since it is contained in Ti .
If G = G/N , then Hi is contained in Z(G), and so |G : Z(G)| < ∞. Hence G′ is finite and G′
is cyclic-by-finite, as desired. 
3. The general case
In this section we complete the proof of the Main Theorem. We need three elementary lem-
mas.
Lemma 3.1. Let H be a group in which the derived subgroup is infinite cyclic. If H is not
nilpotent of class less than or equal to 2, then H has an abelian subgroup A of index 2 and
A/Z(H) is cyclic.
Proof. Put A = CH(H ′). Then H/A embeds in the automorphism group of H ′, which has or-
der 2. Since H is not nilpotent of class less than or equal to 2, it follows that |H : A| = 2.
If we choose an element h ∈ H \ A, then uh = u−1 for all u ∈ H ′. Thus CH ′(h) = 1. The
map ϑ : a → [h,a] is a homomorphism from A to H ′, whose kernel is the subgroup C = CA(h).
Consequently A/C is cyclic and A′ is contained in C. Thus A′  CH ′(h) = 1 and A is abelian.
Since H = 〈h,A〉, it follows that C = Z(H) and A/Z(H) is cyclic. 
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Lemma 3.2. Let G be a group and let A be an abelian normal subgroup of G such that the
quotient G/A is cyclic. If gA is a generator of G/A, then G′ = {[g,a] | a ∈ A} consists entirely
of commutators.
Lemma 3.3. Let G be a group in which the set of commutators is covered by finitely many cyclic
subgroups. Suppose L = 〈u〉 × 〈w〉 ∼= C∞ ×Cm is a subgroup of G′, where m> 1 is finite. Then
there are elements of the form uiw, with i ∈ Z, which are not commutators in G.
Proof. Suppose that all elements uiw are commutators. Put ui = umiw for all i ∈ N. Since
the set of commutators is covered by finitely many cyclic subgroups, there exist two positive
integers i < j such that ui and uj belong to the same cyclic subgroup of the covering, say C. Let
c = ukw be a generator of C ∩ L. Then ui = cr and uj = cs for some r and s, so that mi = kr
and mj = ks. It follows that s/r = mj−i is a power of m greater than 1. Then
um
j
w = cs = (cr)s/r = (umiw)mj−i = umjwmj−i = umj ,
which is a contradiction. 
We will also need the following result of Liebeck [2, Theorem 2].
Theorem 3.4. Let G be a nilpotent group of class 2. If G′ is 2-generated, then every element of
G′ is a commutator.
Now we can refine the conclusion of Theorem 2.9.
Theorem 3.5. Let G be a group in which all commutators can be covered by finitely many cyclic
subgroups. If G does not have any commutators of finite order, apart from 1, then G′ is cyclic.
Proof. By Proposition 2.5, the derived subgroup G′ is abelian. Let P be the torsion subgroup
of G′. By hypothesis, any commutator lying in P equals 1. In particular, [P,G] = 1 and P
is central in G. On the other hand, since G′ is cyclic-by-finite by Theorem 2.9, it follows that
G′ = P × Q, where Q is infinite cyclic. Hence it suffices to prove that P = 1. Suppose, by way
of contradiction, that P 
= 1. We may assume that P is of prime order, since P is central in G.
(Note that all the hypotheses of the theorem are inherited by any quotient of G by a subgroup
of P .) Thus G′ is 2-generated.
Put G = G/P , so that G′ is infinite cyclic. Since P does not contain any non-trivial commu-
tator, it follows that Z(G) = Z(G). Suppose first that G is nilpotent of class at most 2. Since
G/Z(G) ∼= G/Z(G), it follows that G is also nilpotent of class less than or equal to 2. By The-
orem 3.4, every element of G′ is a commutator. Hence G′ is covered by finitely many cyclic
subgroups, so it is finite or cyclic, and this is a contradiction since P 
= 1. (Alternatively, one can
derive a contradiction by applying Lemma 3.3.) Thus, G is not nilpotent of class at most 2. By
Lemma 3.1, there exists a subgroup A of G of index 2 and containing P such that A is abelian.
Since P does not contain any non-trivial commutator, it follows that A is abelian. Hence we may
apply Lemma 3.2, and again we have the contradiction that G′ consists entirely of commuta-
tors. 
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Theorem 3.6. Let G be a group in which the set of commutators is covered by finitely many
cyclic subgroups. Then G′ is cyclic or finite.
Proof. Assuming that G′ is infinite, we prove that G′ is cyclic. Let X0 be the set of all commuta-
tors in G of finite order, and let N be the subgroup generated by X0. Since X0 can be covered by
finitely many (finite) cyclic subgroups, it follows that X0 is finite. Clearly X0 is a normal subset
of G, so N is finite by Dietzmann’s Lemma. Hence the factor group G = G/N does not have
any commutators of finite order, and G′ is infinite cyclic by Theorem 3.5.
Let B = CG(G′). We claim that |G : B| is finite. Since G′ is finitely generated, it suffices to
see that |G : CG(w)| is finite for every w ∈ G′. We have |ClG(w)| 2, since G′ is infinite cyclic.
Hence |ClG(w)| 2|N | and |G : CG(w)| is finite, as desired.
Let F be the FC-subgroup of G. If F = G then |G : Z(G)| is finite, since G is finitely gener-
ated. Consequently G′ is finite, which is a contradiction. It follows that F is a proper subgroup
of G. If g /∈ F , then g is not an FC-element of G, since N is finite. Hence |G : CG(g)| is
infinite, and since |G : B| is finite, we can find h ∈ B such that [g,h] 
= 1. Then the commu-
tator [g,h] is of infinite order, and [g,hi] = [g,h]i for all i ∈ Z. We claim that N does not
contain non-trivial commutators of the form [g,x]. Suppose otherwise that 1 
= [g,x] ∈ N for
some x. Since [g,h] centralizes G′, the subgroup L = 〈[g,h], [g,x]〉 is abelian, and conse-
quently L = 〈[g,h]〉 × 〈[g,x]〉 ∼= C∞ ×Cm for some integer m> 1. But [g,h]i[g,x] = [g,xhi]
is a commutator for all i ∈ Z, and this is a contradiction by Lemma 3.3. This proves the claim.
As a consequence, [g,N] = 1 and N CG(g) for every g /∈ F . Since G \F generates the whole
of G, it follows that N  Z(G). Also, Z(G) = Z(G). Indeed, let x ∈ Z(G). Then [x, g] = 1 for
all g /∈ F , and by the claim we have just proved, [x,g] = 1 for all g /∈ F . Thus x ∈ Z(G).
The rest of the proof is practically the same as that of Theorem 3.5. Suppose by way of
contradiction that N 
= 1. Since N is central in G, we may assume that N has prime order. Hence
G′ is 2-generated. If G is nilpotent of class at most 2, then we get a contradiction as in the proof
of Theorem 3.5. Thus G is not nilpotent of class less than or equal to 2, and we may apply
Lemma 3.1. This yields a subgroup A of index 2 in G which contains N , and such that A is
abelian and A/Z(G) is cyclic. Hence A/Z(G) is cyclic, and so A is abelian. By Lemma 3.2, G′
consists entirely of commutators, and we obtain a contradiction. We conclude that N = 1, and
consequently G′ is cyclic. 
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